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1 Introduction 



The concept of formal deformation quantization was first introduced in |^ and its goal is to con- 
struct quantum observable algebras by means of formal deformations (in the sense of Gerstenhaber 
[pO| ) of classical Poisson algebras, usually given by the algebra of complex- valued smooth functions 
on a Poisson manifold. The deformed associative algebra structures arising in this way are called 
star-products. Their existence and classification have been established through the joint effort of 
many authors (see |3, 14, 1^, 27, 31, 32, 34, 43| and |21, 39, 42| for surveys on the subject). The aim 
of the present paper is to study a certain class of modules over these star-product algebras. 

In order to better understand how deformation quantization relates to the usual formalism of 
quantum mechanics through operators on Hilbert spaces, one is naturally led to consider repre- 
sentations of star-product algebras. By using the natural order structure in the ring M[[A]] and 
considering Hermitian star-products (i.e., star-products for which the pointwise complex conjuga- 
tion of functions is a *-involution), a theory of *-representations of star-product algebras on formal 
pre-Hilbert spaces can be developed, similar to the usual representation theory of C*-algebras. In 
fact, these ideas can be carried out in the more general setting of *-algebras over C = R(i), where 
R is an ordered ring and C is its ring extension by i, with i^ = —1. This category encompasses 
both star-product algebras and operator algebras. This approach was started in Q with a formal 
version of the GNS construction and has been further investigated in 0-j6, 41 1. In this context, one 
can formulate the notion of formal Morita equivalence ||9|, ^ , which is a generalization of Rieffel's 
notion of strong Morita equivalence of C*-algebras [^. An important role in this theory is played 
by finitely generated projective modules over unital algebras A carrying the additional structure 
of an yi- valued inner product. For A = C°°{M), M an arbitrary manifold, these modules can be 
naturally identified with (smooth sections of) smooth Hermitian vector bundles over M. The main 
subject of the present paper is the deformation quantization of projective inner product yi-modules. 
We remark that other authors have introduced quantization of vector bundles in different contexts, 
such as geometric quantization, quantum groups and non-commutative geometry 



12,22,23,3 



This paper is organized as follows. In Section 2.1 we collect some basic facts about *-algebras 
over ordered rings. Section 2.2 reviews some aspects of the deformation theory of *-algebras and 



their projections. In Section 2.2, we discuss deformations of projective modules with inner-products. 

We emphasize here the additional Hermitian 



The main result in this section is Proposition |2.^ 
structure, since the result without inner product seems to be well-known, although not stated in 
the literature in this form. In Section 3^, we specialize the discussion of Section O to the case 
of Hermitian vector bundles E ^ M, where M is a Poisson manifold with a star-product. We 
show existence and uniqueness of deformation quantization of these objects, see Definition ^^ and 
Theorem |3.2| . Using this result, we also show that there is a natural bijection between the sets 
of equivalence classes of local Hermitian deformations of the *-algebras C°°{M) and T°° (Er\d{E)) 



in Proposition 3.3. This generalizes the result in |28], where the the case of trivial bundles is 
treated through a different approach. We show in Section ^ that corresponding deformations are 
formally Morita equivalent (Proposition O). The important ingredient for this result is the notion 
of a strongly full projection (see Definition 4.1). A discussion about the underlying semi-classical 



geometry corresponding to the deformations just mentioned (in the sense of |35|) is presented in 



Section 3.2 



We remark that techniques used here have been previously used by other authors, see e.g. 



15, 35]. The idea of deforming projections is present in Fedosov's index theorems |18| (see also 
32]) and in the star-product formulation of multicomponent WKB expansions by Weinstein 
and Emmrich ]jl^ (see also J|l5|). It would be interesting to explore the connections between the 
present paper and these topics. We also believe this paper is an important step in extending the 



116 
1 



approach to WKB approximations taken in P,y] to the niulticomponent case. 

Finahy, let us mention that various authors in particle physics have considered "noncommutative 
gauge fields", see e.g. [24, ^| and the references therein. Here the fields can be viewed as sections 



of deformed vector bundles, but mainly trivial bundles have been treated so far. The Hermitian 
metrics (and their deformations) should play an important role in this context since they typically 
provide the potential term in the Lagrangians of physical models. This will be the subject of future 
investigations. 

2 Algebraic preliminaries 

2.1 *-algebras over ordered rings 

We will recall here some basic definitions concerning *-algebras over ordered rings. Further details 
can be found in |^,|9-11|. All algebras in this paper will be assumed to be associative. 



Let R be an ordered ring, i.e. an associative, commutative, and unital ring with a subset P C R 
so that R is the disjoint union R = -P U {0} U P and P ■ P C P, P + P C P. An element a G P 
is called positive and we denote it by a > 0. We remark that if R is ordered, then the ring R[[A]] 
of formal power series has a natural ordering given by X^r^o '^r A*" > if a^o > 0, where tq is the 
first index with nonvanishing coefficient. The important examples of ordered rings in deformation 
quantization are M and IR[[A]]. We also define C = R(i) to be the quadratic ring extension of R by 
i, with i^ = —1. Complex conjugation z i-^ z is defined in the usual way. In the following we shall 
assume for simplicity that Q C R. 

Let A be an associative algebra over C, equipped with a *-involution, i.e. an involutive C- 
antilinear antiautomorphism * : A — *• A. We call A a * -algebra over C. We define Hermitian, 
unitary and normal elements in A in the usual way. A linear functional lo : A — > C is called positive 
if uj{A*A) > for all A (^ A. An element ^ € ^l is then called positive if uj{A) > for all positive 
linear functionals uj. The set of positive elements in A is denoted by A^. Note that all elements 
of the form aij4Jj4i + • ■ ■ + OnA^An, with Aj E A and Oj > in C, are positive. These elements 
are called algebraically positive and they form a set denoted by A"*"^. As an example of such *- 
algebras, consider A = C°°{M), the algebra of complex- valued smooth functions on a manifold 
M with *-involution given by complex conjugation. In this case, with these definitions, positive 
functionals correspond to positive Borel measures with compact support and positive elements in 
A are positive functions as expected, see e.g. j^, App. B]. We remark that all these notions also 
make sense for star-product algebras (C°°(M)[[A]],*) by means of the order structure of M[[A]], see 



2.2 Formal deformations of *-algebras and projections 

We shall discuss here some aspects of the formal deformation theory of associative algebras and 



*-algebras over C. A good part of it is well-known and the reader is refered to |1C, 2^ for more 
details. 

Let k he a commutative and unital ring and let A he a fc-algebra. A formal deformation of 
A (in the sense of Gerstenhaber, see e.g. [pO]) is an associative /c[ [A]] -bilinear multiplication • on 
A[[X]] of the form 



Ai<A' = Y2CriA,A')y', A,A'eA, (2.1) 



■r=0 



where each Cr is a Hochshild 2-cochain and Cq : A x A — > A is the original product on A. 
If A is unital, we require in addition that the unit element 1 € ^l is still the unit element with 
respect to -k. We denote the deformed algebra by ^l = (yi[[A]],*). We recall that two deformations 
oi A, A.I = (yi[[A]],*i) and A.2 = {A\\X^,-k2), are called equivalent if there exist A;-linear maps 
Tr-.A — >A,r>l,so that T = id + YT=i ^r^ ■ -^i — ^ ^2 satisfies 

AmA' = T-\T{A)i<2T{A')), yA,A' eA[[X]]. (2.2) 

Let us now consider yi to be a *-algebra over C = R(i), R ordered. (For simplicity, whenever 
we refer to a *-algebra A, it will be implicitly assumed that the underlying ring k is C.) A formal 
deformation A = (yi[[A]],*) of A is called Hermitian if the natural extension of the *-involution in 
A to A[[X]] is still an involution with respect to *, i.e. {A-kA')* = A'*kA* for all A, A' e A. In this 
paper, deformations of *-algebras will be always assumed to be Hermitian. We recall that if >li, A2 
are two Hermitian deformations of A which are equivalent then there actually exists an equivalence 



T satisfying, in addition, T{A*) = T{A)*, for all A € A (see |3|, Prop. 5.6]). So equivalence 
transformations between Hermitian deformations will be assumed to preserve the involution. 

We observe that if yi is a fc-algebra and yi is a formal deformation of A, then M„(yi) can be 
identified with M„(yi)[[A]] as a fe[[A]]-module and naturally defines a deformation of Mn{A). Also 
note that if yi is a *-algebra, we can define a *-involution on M„(yi) in the usual way and if yi is a 
Hermitian deformation of yi, Mn{A) naturally defines a Hermitian deformation of M„(yi). 

Lemma 2.1 Let A be a Hermitian deformation of a unital *-algebra A over C. Let Lq G M„(yi) 
be invertible and let S = Yl'^o^r^J' E M„(yi) be Hermitian with Sq = LqLq. Then there exist 
Lr € M„(yi), r > 1, such that L = Yl'^o -^rA*" satisfies S = L* i^ L. 

Proof: We define L recursively. Suppose Lo,Li, . . . ,Lk-i G Af„(yi) arc such that Lk-i = Lq + iiA + 
. . . + Lfc-iA'""^ satisfies S — i^_i * i/c-i = ^feA*^ + o(A''+^). Note that since S is Hermitian, so is bk- We 
need to find Lk so that Lk — J2i=o ^i^'' satisfies S — L^-k Lk up to order A*''+^. But this happens if and 
only if L^Lq + L^Lk = bk- Then Lk = ^{bkL^^)* is a solution. D 

Corollary 2.2 Let A be a unital * -algebra over C and A a Hermitian deformation of A. Then 
any unitary Uq G M„(yi) can be deformed into a unitary U = Yl'^o UrX^ € Mn{A). 

Let yi be a A;-algebra and let Pq G M„(yi) be an idempotent, i.e. Pq = Pq. It is well-kown 
that if A is any formal deformation of A, we can always deform Pq, that is, find an idempotent 
P G Mn{A) so that P = Po + o(A) (see e.g. [0,[l^,|2^). In particular, the explicit formula (e.g. [^, 
Eq. (6.L4)]) 

P = -+|Po--V (2.3) 

2 V 2; Vl + 4(Po*Po-Po) 

shows that, in the case A is a *-algebra and yi is a Hermitian deformation, P can be chosen to be 
a projection (i.e. a Hermitian idempotent) if Pq is a projection. 



Lemma 2.3 Let A be a k-algebra and suppose Po,Qo G M„(yi) are idempotents. Let A be a 
deformation of A and P = YlT=Q-^'rXJ' ,Q = YlT=QQ'r^^ ^ Mn[^) be deformations of Pq,Qq, 
respectively. Then the map I : i-*oAf?i('^)Qo[[A]] — *■ P * Mn{A) kQ given by 

L{PoLQo) = Pk{PoLQo)kQ, L G M„(yi)[[A]], (2.4) 

is a k[[X]\-module isomorphism. 



Proof: The fc[[A]]-linearity and the injectivity of / are obvious since P and Q are deformations of Pq 
and Qq. To prove surjectivity, let L = J2T=o ^r^^ G P * Mn{A.) * Q be given. Then P -k L * Q = L 
whence Pq-^oQo = Lq. Thus defining So ■= Lq e PoMn{A)Qo, we have I{So) = L up to order A". Since 
I{Sq) L e P * Mn{A.) * Q starts with order A, we can repeat the argument to find a. Si G PoMn{A)Qo 
such that I {So + A5i) coincides with L up to order A. Then a simple induction proves that / is onto. D 



Keeping the notation as in Lemma 2.2, we denote the deformed product of Mn{A.) hy L-k S = 
J2'ZoCr{L,S)X'~, L,S e Mn{A). Note that if we consider I : PoMn{A)Qo[[X]] — > Mn{A) = 
Mn{A)[[X]], we can write / = X^r^o ^rX^ and a simple computation shows that 

Ir{B)= Yl Cm{Ck{Pi,B),Qj), for B e PoMn{A)Qo. (2.5) 

i+j+k+m=r 

We note that / is just a deformation of the natural inclusion PoMn{A)Qo ^^ Mn{A). 

Let us consider a fc-algebra A, Pq E Mn{A) an idempotent, A = (yi[[A]],*) a formal deformation 
of A and P a deformation of Pq. It is clear that PQMn{A)Po and P -k Mn{A) -k P are algebras, 
which are unital if A is unital. Note that if yi is a *-algebra, Pq € Mn{A) is a projection, and 
^ is a Hermitian deformation of A, with P a projection deforming Pq, then PoMn{A)Po and 



P -k Mn{A) -k P are in fact *-algebras. From Lemma 2^ we find 



Corollary 2.4 The map I : PoMn{A)Po[[X]] — > PkrMn{A)-kP defined in i\2.4 ) induces a formal 
deformation of PoMn{A)PQ. Moreover, if A is a * -algebra, Pq is a projection and A is Hermitian, 
then I induces a Hermitian deformation of PQMn{A)Po. 

2.3 Deformations of projective inner-product /l-modules 

Let yi be a unital A:-algebra and let £ be a module over A. We will essentially restrict ourselves to 
right modules, but the reader will have no problem to adapt all the definitons and results to come 
to left modules. 

Let Rq : 8, X A — > £ denote the right yi-action on £, Rq{x,A) = x ■ A for x & £,, A G A. 
Let A = (A[[X]],-k) be a formal deformation of A and suppose there exist fe-bilinear maps Rr : 
£ X yi — s- £, for r > 1, such that the map 

oo 

R = Y^RrX'' ■.E[[X]]xA^E[[X]] (2.6) 

r=0 

makes £[[A]] into a module over A. We will denote R{x, A) = x • A, for x & E, A £ A. 

Definition 2.5 We call £ = (£[[A]],») a deformation of the (right) A-module £ corresponding to 
A = {A[[X]],-k). Two deformations £ = (£[[A]],»), £' = (£[[A]],»') are equivalent if there exists 
an A-module isomorphism T : £ — > £' of the form T = id + X^r^i^^-A'", with k-linear maps 

Tr-.e. — > £. 

Here we will be only interested in finitely generated projective modules (f.g.p.m.). 

Proposition 2.6 Let A be a unital k-algebra and A = (yi[[A]],*) be a deformation of A. Let £ be 
a (right) f.g.p.m. over A. Then there exists a deformation 8- of E- corresponding to A so that E is a 
f.g.p.m. over A. Moreover, this deformation is unique up to equivalence and hence, in particular, 
every deformation of £ is finitely generated and projective. 



Proof: For the existence, note that since £ is f.g.p.m., it foUows that we can identify £ — PqA"", for some 
n > 1 and Pq G Mn{A) idempotent. Let P S MnjA.) be an idempotent deforming Pq and consider the 
(right) f.g.p.m. over J\. given by P-kJi"'. By Lemma |2.3| (choosing Qq to be 1 in the upper right corner 
and zero elsewhere), we can use the isomorphism / : £[[A]] — > P-kA."" to pull this ^-module structure back 
to £[[A]], i.e. X • A -.^ I-\P ir X i. A) = X ■ A + o(A) for x e £ and A e A. So £ = (£[[A]], •) is a f.g.p. 
deformation of £. 

Now assume £' = (£[[A]],»') is another deformation of £. Let £ : £ — > £/A£ = £ and C : £' — > 
£ /A£ = £ be the natural projections, which are surjective A-module homomorphisms. Then it follows by 
projectivity of £ that there exists an A-module homomorphism T : £ — > £' satisfying €' o T = €. Since 
£ = £' = £[[A]] as /c[[A]]-niodules, we can write T = J2T=o ^rA*" and it is readly seen that Tq — id. So T is 
an equivalence. D 

Suppose now yi is a *-algebra. A (right) f.g.p.m. £ over A is called an inner-product module 
if it is equipped with a positive definite, ^l-valued, and yi-right linear inner product, i.e. with 
a map /iq : £ x £ — > A satisfying ho{x,ay + I3z) = aho{x,y) + pho{x,z), ho{x,y)* = ho{y,x), 
ho{x, y ■ A) = hQ{x, y)A, ho{x, x) £ A~^, and ho{x, x) = =^ x = 0, where x,y, z € E, a, (3 € C, 
and A (^ A. A left inner-product module is defined analogously but ho is required to be C-linear and 
yi-left linear in the first argument. The yi-right linear endomorphisms of £ are denoted by Endyi(£) 
and the inner product determines the subalgebra 53yt(£) C Endy^(£) of those endomorphisms which 
have an adjoint with respect to ho. Then !Byi(£) becomes a *-algebra over C. 

Let A. he a Hermitian deformation of A. Let £ = (£[[A]], •) be a corresponding deformation of 
£ and suppose there exist hr : 8, x 8, — > A such that 



h = f2hrX'' (2.7) 



r=0 

defines a positive definite, ^l- valued, ^-right linear inner product on £[[A]]. 

Definition 2.7 We call £ = (£[[A]], •, /i) a Hermitian deformation of the inner-product module 
(£,/io) corresponding to A. Two Hermitian deformations £ = (£[[A]], •, /i), £ = (£[[A]], •', h,') are 
called equivalent if there is an equivalence T = id + X^^o ^r-A'' : £ — > £' (as in Definition [g.^ j 
satisfying h'{T{x),T{y)) = h{x,y), x,y e 8. 

Let yi be a unital *-algebra and let Pq G Mn{A) be a projection. Consider the f.g.p.m. over 
A given by £ = PoA^. We observe that £ has a canonical ^-valued inner product /iq, namely 
the restriction to -Pq-A" of the canonical ^l-valued inner product on the free-module A"" given 
by {x,y) = EILi^y*- Note that in this case M„(yi) = Endyi(yi") = *Byt(yi") with the above 
^-involution, the same holding for PoMn{A)Po = Endyi(Po-A") = '^a{Po-^'')- 

Proposition 2.8 Let A be a unital * -algebra and Pq € Mn{A) he a projection. Let A be a Hermi- 
tian deformation of A and consider the A-module £ = PqA"^ , equipped with its canonical A-valued 
inner product ho. Then there exists a Hermitian deformation of £ corresponding to A, which is 
unique up to equivalence. 



Proof: As in Proposition 2^, we choose P € Mn{A), a projection deforming Pqj and consider the A- 
module P-kA^, which we know to define a deformation £ = (£[[A]],») of £. Let h be the A-valued inner 
product on £ obtained from (•, •) restricted to P-kA"". A simple computation shows that h is a deformation 
of ho and hence £ = (P* A", h) is a Hermitian deformation of (£, Hq). 

Let £' = (£[[A]], •', h') be another Hermitian deformation of (£, ho). By Proposition p]9, we may assume 
that £ = £ as an A-module, with some A-valued inner product h deforming ho- Recall that any A-valued 



inner product {•,•) on the free A-module A" can be written as (•,•) — {-,11 ■) for some Hermitian ele- 
ment H G Mn{A), where {x,y) = X]"=i ^I * Vi^ ^^V ^ -A"- Since P*yi" C A" is projective, one can 
check that the same holds for this submodule. Hence, there is a Hermitian element H G End7i(£) so that 
h' {■,■) = h{-,H-). But since h and h' are deformations of ho, we can write H = J2T=o ^r^^ with Hq = id. 
It then follows from Lemma EJ that we can find [/ = id + Yl^=o Ur^^ so that H = U* • U. It is then clear 
that U : E' — > £ is the desired equivalence. D 

Let us finally discuss the deformation of isometries. An element Vq G EndyL(£), with £ = PqA"", 
is called an isometry of £ if Vq is invertible and /io(Vox,Voy) = ho{x,y) for all x,y € E. Clearly 
such a Vq gives rise to a unitary Vq G Mn{A) with VqPo = PqVo and every such unitary yields an 
isometry of £ by restriction. 

Proposition 2.9 Let A be a Hermitian deformation of A and £ = (£[[A]], •, /i) a Hermitian 
deformation of E = PqA^ . Then for every isometry Vq G Endyi(£) there exists a deformation 
V = Vq + Y^^=i ^^^r of Vq into an isometry V of 8.. 

Proof: Since all deformations of £ are equivalent we choose a deformation P of the projection Pq. Moreover, 



we choose a unitary U G Mn{A) with U = J2^o^^Ur and C/q = Vq which is possible due to Lemma 2.1 
Now P' = JJ-kP-kTJ is again a projection with classical limit Pq- Thus it defines a deformation (£[[A]], •', h') 
which is equivalent to the first one by an equivalence transformation T = id + X]5~i A'^T'r- Moreover, U 
descends to a unitary >l-right linear map U : (£[[A]], •, h) -^ (£[[A]], •', h') with lowest order C/q = ^o- Then 
V = T~^ o [/ is the desired deformation of Vq- □ 



3 Deformation quantization of Hermitian vector bundles 

3.1 Deformation quantization 

Let A = C'^{M) be the algebra of complex- valued smooth functions on a manifold M. This 
algebra has a natural *-involution given by complex conjugation. Let i? — > M be a complex vector 
bundle over M, with fiber dimension A; > 1. Consider £ = T°°[E), the space of smooth sections 
of E, equipped with its natural right yi-module structure. We recall that £ is a f.g.p.m. over 
A (see p6| , Ch. I, Thm. 6.5], noticing that the proof there works for any manifold due to pO| , 
Lem. 2.7]). Finally, let S = Endyi(£) = r°°(End(i?)) be the complex algebra of smooth sections 
of the endomorphism bundle End(-E') -^ M. Note that if E is Hermitian, i.e. equipped with a 
Hermitian fiber metric Hq, then there is a corresponding positive definite yi- valued, yi-right linear 
inner product on £, also denoted by Hq. This defines a *-involution on !B. 

Let A = (C°°(M)[[A]],*) be a deformation of ^l. Recall that a star-product *, given hy f * g = 
'^'^QCr{f,g)X^, is called local/ differential/ of Vey type if each Cj- is local/differential/differential 
of order r in each argument. 

Definition 3.1 Let A = {C°°{M)[[X\],-k) be a deformation of A. A deformation quantization of E 
is a deformation of 8, = T°°{E) in the sense of Definition \2. 4 If E is equipped with a Hermitian fiber 
metric ho and A, is a Hemitian deformation of A, then a Hermitian deformation quantization of 
{E, Hq) is a deformation of {E., /iq) as in Definition \2. % A deformation is called local/differential/of 
Vey type if the corresponding Rr and hr (as in ( ^.(\ ), l{2.'^ ) are local/ differential/ differential of 
order r in each argument. 

Recall that any two Hermitian metrics on a complex vector bundle are equivalent (see [Pq , 
Ch. I, Thm. 8.8]), hence we can identify £ with PqA"^, for some n > 1 and some projection Pq G 
Mn{A), equipped with its canonical yi- valued inner product Hq. 



Theorem 3.2 Let E be a complex (Hermitian) vector bundle over a Poisson manifold M and 
let A, = {C°°{M)[[X]],-k) be a (Hermitian) deformation quantization of A. Then there exists a 
(Hermitian) deformation quantization of E corresponding to A., which is unique up to equivalence. 
Moreover, if -k is local/ differential/ of Vey type, the deformation of E can be chosen to be of the 
same type. 



Proof: Existence and uniqueness of (Hermitian) deformations follow from Propositions 2.6, 2.8 and the 
observation before the theorem. 

Suppose now • is local/differential/of Vey type. Choose a deformation P of Pq and let us consider the 



A-action on £[[A]] induced by / as in (2.4). Note that if we write / = J^^o^r^^, it follows from (2.5) that 
each Ir : £ — > Mn{A) is local/differential/differential of order r. Moreover, I^^ = X^^o ■^'■A'" has the same 
property. From x • A — I~^{P -k x* A) and h{x, y) — {P -kx,P -ky), it follows directly that Rr and hr have 
the same desired properties. D 

It is well-known that the complex algebras A = C°°{M) and "B = r°°(End(-E')) are Morita 
equivalent and hence, as such, have the same algebraic deformation theory (see |2^, Sect. 16]). 
We will now observe that these algebras in fact have the same local and Hermitian deformation 
theories. See |^8| for the case of local deformations of a trivial bundle. 

Let Mioc('B) = {local deformations of S}, i.e. elements in Mioc(23) are local star-products 
• on S[[A]]. Suppose •i,*2 ^ Mioc('B) are equivalent, through an equivalence transformation 
T = id + Ylr^i TrX^ . We call T local if each T^- is local. We remark that the argument in [|l^ , 
Lem. 1.1.4] shows that any equivalence transformation between local star-products is automatically 
local. We define Defioc('B) as the quotient of Mioc('B) by (local) equivalences. Similarly, we define 
Defj*Qj.(B) to be the set of local Hermitian deformations of 23, up to equivalence. We denote the 
equivalence class of* in Def[*^(S) by [•]. 

Recall that if we identify T^{E) = PqA"^, where Pq G Mn{A) is an idempotent (projection, in 
the Hermitian case), we can write S = PQMn{A)PQ. Let P G Mn{A.) be an idempotent (projection) 
deforming Pq. Note that, by Corollary |2.4| , the algebra P • M„(yi) * P defines a (Hermitian) 
deformation of 23 via /. Moreover, it follows from (^]^) that, if -k is local (or differential/of Vey 
type), then so is the deformation of 23 defined by /. (It would be interesting to compare this 
construction of star-products on 23 with Fedosov's construction | p^ . Sect. 7] in the symplectic 
case.) Note also that if P' is another deformation of Pq, then P' -k Mn{JV) -k P' and P-kMn^JVj-kP 
induce equivalent deformations of 23. To see that, recall that P -k Mn{JV) * P = Endyi(-P • yi"') 
and P' -k Mn{A) • P' = End^(P' -k >l") and P * yi" and P' -k A"" are equivalent as yi-modules by 
Proposition p.6|. It is simple to check that this gives rise to a well-defined map ^ : Defl*AA) — *• 



loc 

DefL1(23). 

Proposition 3.3 The map $ : Def[*] (C°°(M)) — > Def{*^(r°°(End(£'))) is a bisection. 

Proof: As we have remarked, the algebras A = C°°{M) and !B = V°°{£.nA{E)) are Morita equivalent, and 
£ = T°°{E) = PqA^ is a ('B-yi)-bimodule defining this equivalence. By symmetry of Morita equivalence, it 
follows that there exists an idempotent Qo G Af)n(23), for some to > 1, so that £ = "B^Qq (S™ as row vectors) 
as a left S-module and A = End3('B™(3o) = QoMn{'B)Qo as a unital algebra. In the Hermitian case, we note 
that, by [g5|, Thm. 26], we can actually choose Qo satisfying Qq = Qq. Note that since A is commutative 
(and so is QoMn{'B)Qo), it follows from §, Cor. 7.7], ||l|, Thm. 4.2] that in fact A and QoM„(S)Qo are 
isomorphic as *-algebras (these algebras are Morita *-equivalent in the sense of ||l|). Therefore, we can define 
a map 4 : Def|*^(S) — > Def[^*^(yi) just as we did for $. 

Let [•] e Def|;^^(yi) and A = (yi[[A]],*). Let P be a deformation of Pq and 3 = (^[[A]],*') be the 
deformation induced by P -k Mn{A) * P, in such a way that [•'] = <&([*]). Let £ = P -k A^\ which is 
naturally a (B-A)-bimodule. Note that, by Morita theory, we have A — Ends(£). Now pick Q G Af„(B), 



a deformation of Qa and let £' = 3™ *' Q. Then [t^"] = $([•']) = $ o $([•]) is induced by Q*' M„(S) •' Q, 
and a' = (yi[[A]],*") can be identified with Ends(£')- 



Finally, it is not hard to check (see the existence part of Proposition 2.6) that £ and £' are both deforma- 
tions of £ = PqA'"' = 'B'^Qo corresponding to B. It then follows from Proposition 2.6 (for left modules) that 
these deformations are equivalent and hence so are * and *". Therefore $ o $ = id and a similar argument 
shows that $ o $ = id. This concludes the proof. D 



3.2 The semi-classical limit 

We shall now compute the first order term of the deformed module £ = (£[[A]],») over A. = 
{•A.[[X]],-k), where A is a unital *-algebra, -k a Hermitian deformation and £ = PqA'^ for Pq £ Mn{A) 
a projection. The deformed module structure • is defined via a deformation P € Mn{A,) of Pq and 
the isomorphism / : Po'^"[['^]] ~^ P -k Ji."" as in Lemma |2.3| . A simple computation yields 



Ri{x,A)=PqCi{x,A) (3.1) 

for the first order term of •, where Ci{x^A) is defined by Ci{x,A)i = Ci{xi,A) for x € A" and 
A £ A. In particular Ri does not depend on the chosen deformation of Pq. 

Let us assume that A is commutative. It is well-known that in this case the skew-symmetric 
part of Ci is a Poisson bracket for A. In order to get a real Poisson bracket, we use the convention 

{^1,^2} := \{Ci{A^,A2) - Ci(A2,.4i)), (3.2) 

for Ai,A2 G A. Thus {^1, ^2}* = {^ii ^2} follows from the fact that * is a Hermitian deformation. 
Let us assume furthermore that Ci is skew-symmetric (this yelds no loss of generality for star- 
products since any differential cocycle Ci in this case is cohomologous to its skew-symmetric part 



|40| ). Then Ci{Ai,A2) = ^{^1,^2}. Let us consider the bracket {•, ■}£,:£. x A — > 8. given by 



2 

{x,A}(- = Po{x,A} = -Ri{x,A), xee.,AeA (3.3) 

i 

obtained from the semi-classical limit of •. 

Proposition 3.4 The bracket {•, -jg defines the structure of a right Poisson module in the sense of 



[3L, Def. 3.1] on 8.. It is a Poisson module in the sense 0/ jgq, Def. 3.2] if and only if the curvature 



i?£ : yi X yi — > Endyi(£), defined by 

Re{Ai,A2)x = {{x,Ai}E,A2}E - {{x,A2}e,Ai}e - {x,{Ai,A2}}e, (3.4) 

vanishes. 



Proof: From (3.3) it easily follows that {•, •}£ satisfies the natural Leibniz rules (see the last two equations in 
[p5[ Eq. (16)]) and this implies the first statement. A simple computation shows that i?£(Ai, A2) G Endyi(£). 
Note that Rg = is equivalent to the first equation in p^, Eq. (16)] and the last statement follows directly 
from lH, Def. 3.2] D 

Suppose A = C°°{M), where M is a Poisson manifold. Let Pq G Mn{A) be a projection and 
let E ^ M be given by the image of Pq, so that T°°{E) = PqA"". Let d denote the natural flat 
connection defined on the trivial vector bundle M x C"" — > M, given by component- wise exterior 
differentiation. Then V := Pq o d defines a connection on E, sometimes called the Levi-Civita 
connection of E. 



Corollary 3.5 Let 8. = T°°{E) and {•, -jg be as in (3^). Then (£, {•, -jg) is a Poisson module (in 
which case E is called a Poisson vector bundle) if and only if the Levi-Civita connection V is fiat 
on each symplectic leaf of M. 

Proof: Note that ii x E T°°{E) and / e C°°{M), we have {x, /}£ = VxfX, where Xf is the Hamilto- 
nian vector field corresponding to /. Observe that the curvature tensor corresponding to V, R^ , satisfies 
Re (/, g)x ^ R^{Xf,Xg)x, for all f,g e C°°{M) and x e T°°{E). This implies the resuh. D 

We note that {•, -jg defines a linear contravariant connection on £■ ^ M (by D^ifX = {x, /}e), 
which is just the one induced by V [|l9|, Sect. 2]. 

For a Hermitian star-product -k on M, let •' be the corresponding deformation of T°° {End{E)) = 
PoMn{A)Po induced by a deformation P of Pq and the isomorphism / : Po-^n('^)-fb[['^]] — ^ 



P-kMn{A.)-kP as in Corollary |2.4 Note that the center oiT°°{End{E)), denoted by Z, is isomorphic 
to C°°{M) through / i-^ fPo- As discussed in []35| , Prop. 1.2], the skew-symmetric part of the semi- 
classical limit of -k' endows the pair {T°°{End{E)), Z) with the structure of a Poisson fibred algebra 
(see H Def. 1.1]). For L,S G M„(yi), let {L,S} = \{Ci{L,S) -Ci{S,L)), where Ci{L,S) G 
Mn{A) is defined by Ci{L, S)^^^ = E"=i Ci(Li,„ Srj). 

Proposition 3.6 The Poisson fibred algebra bracket {•,•}' : r°°{End{E)) x Z — > r°°{End{E)) 
induced by (r°°(End(^))[[A]], V) is given by {Lo,m}' = Po{Lo,u}Po, for Lq G r°°(End(^)) and 
u (z Z . Moreover, the Poisson bracket defined by {■,■}' on Z coincides with the original Poisson 
bracket {■,■} onC°°{M). 

Proof: ForLo,5o G PoM„(^)Po = r°°(End(S)), write Lq^'^o = I-\I{Lq)^I{So)) = EZoMLo, So)X'- 
It is not hard to check that 

Bi{Lo,So) - PoCi{Lo,So)Po- (3.5) 

It is then clear that {Lq, ^o}' := 7(^1(^0, ^o) - Si(5o, Lo)) = Po{Lo, So}Pa. 

The bracket {•,•}' defines an action of the Poisson algebra {Z, {■,■}') on r°°(End(i?)) by derivations 
and this implies that Po{^o, -j^o = ^o{', -Po}-fo = 0. Hence the Leibniz rule for {•, •} yields {fPo, gPoY = 
Po{f,g}Po = {f,g}Po, f,g & C°°{M), and this immediately shows that the bracket {•,•}' on Z coincides 
with {•, •} after the identification Z ^ C°°(Af). D 



4 Strongly full projections and formal Morita equivalence 

It is known that unital algebras which are Morita equivalent have equivalent algebraic deformation 
theory and, moreover, corresponding deformations are again Morita equivalent (see ||20| , Sect. 16]). 
We will show in this section that local, Hermitian deformations which are related by $ are actually 
formally Morita equivalent, which is a notion stronger than the classical Morita equivalence and 
related to strong Morita equivalence of C*-algebras (see 1^^). We now briefly recall the definitions, 
see g, ini for details. 

Let yi, S be *-algebras over C = R(i), where R is an ordered ring. Consider a ('B-A)-bimodule 
£ with an yi- valued, yi-right linear positive semi-definite, full inner product (•, ■) as well as a S- 
valued, S-left linear, positive semi-definite, full inner product 0.^. such that {x,By) = {B*x,y), 
'S>x,yA = &xA*,y, and Qx,yZ = x{y,z) for all A G A, B ^ "B, and x,y,z G £. Here positivity 
is understood in the sense of positive algebra elements of a *-algebra (see Section |2.l|) . Fullness 
means (£,£) = A and Qe.e = ^j respectively. Let (vr,i3) be a *-representation of A on a pre- 
Hilbert space over C and consider the A-balanced tensor product £ ^ji S^ with the inner product 

10 



(x (8" V') y <8 0) = (^1 T^iix, y))4')- If this inner product is positive semi-definite for all (vr, S)) then £ 
is said to satisfy property (P). The analogous property for *-representations of S is called (Q). If 
£ satisfies all these requirements then £ is called an equivalence bimodule and A and S are called 
formally Morita equivalent. If in addition the actions of A and S on £ are non-degenerate then £ is 
called non-degenerate. Note that we are dealing here with unital *-algebras only. We remark that 
this purely algebraic notion is equivalent to strong Morita equivalence when applied to C*-algebras, 
see g. 

Let ^ be a *-algebra over C and Pq € M„(A) be a projection. Let £ = PoA'^\ considered 
as a right ^l-module and left Endyi,(£) = PoMn{A)Po module. Note that both actions are non- 
degenerate. We noted in Section ^^ that £ has a canonical yi- valued inner product ho- Consider 
the map 0.^. : £ x £ — > EndyL(£), defined by @x,yZ = xhQ{y,z), for x,y,z G £. The following 
definition will give a sufficient condition to guarantee that £, equipped with ho and G.^., is an 
equivalence bimodule. 

Definition 4.1 A projection Pq ^ Mn{A) is called strongly full if there exists an invertihle element 
T eA such that tr Pq = {tt*)~^ . 

It turns out that this is indeed a stronger version of the usual notion of full projections (recall that 
Po G Mn{A) is full if Mn{A)PoMn{A) = Mn{A)). 

Theorem 4.2 Let Pq G Mn{A) he a strongly full projection. Then £, is a non- degenerate equiva- 
lence bimodule and thus End_4(£) and A are formally Morita equivalent. 

Proof: Let x,?/ e £ C yi". Then a straightforward computation shows the relation 

2_^'^x,PoeiT'dPoeiT,y — Qx,y (4-1) 

i 

It follows immediately that Qx.x is a positive algebra element and that 8... is full. The fullness of (■, •) follows 
from 

Y, {Poe^T, Poe.T) = T* tr Pot = 1. (4.2) 

i 

We observe that property (P) can be easily shown as in |g, Sect. 6]. In order to prove (Q), we recall that 
this just means (P) for the complex-conjugate bimodule £. Equivalently, we can consider * -representations 
of Endyi(£) on pre-Hilbert spaces from the right. Thus let (7r,i5) be such a *-representation of Endyi(£) from 



the right and let (/)i, . . . , 0r S ^5 as well as xi, . . . , Xr G £. Then by (4.1) 



^(0i (E)Xi,<j>j (g)Xj) = Y{(l)t7T{Qx,,x,) ,0j) = Y{<f>i'^{'dx,,PoekT),(l)jTr{'dx,,PoetT)) > 

and this shows the positivity needed for (Q). This concludes the proof. D 

We remark that, by Lemma ^]^, it immediately follows that deformations of strongly full pro- 
jections are again strongly full. 

Proposition 4.3 Let A. be a Hermitian deformation of a * -algebra A and Pq G Mn{A) be a 
strongly full projection. Then every deformation P G M„(yi) of Pq is again strongly full and 
therefore End_/i(P*yi") and A, are formally Morita equivalent via the non- degenerate equivalence 
bimodule E = P * >l" . 

Note that if ^l = C°°{M) and Pq G Mn{A) is a nowhere zero projection, then trPg is nonzero 
and constant on connected components of M. Hence Pq is strongly full. 

II 



Theorem 4.4 Let E ^> M be a (non-zero) Herniitian vector bundle over a Poisson manifold M 
with star-product *. Then every deformation E of 8, = T^{E) is a non- degenerate equivalence 
bimodule and therefore End^(£) and A. are formally Morita equivalent. 

Corollary 4.5 Consider the bijective map $ : Deff^^ (C°°(M)) — > Defi*„^(r°°(End(^))) as in 



Proposition 3.5. If A = (C°°(M)[[A]],*) and "B = (r°°(End(^))[[A]],V) are Hermitian deforma- 



tions such that [k'] = $([•]), then A and "B are formally Morita equivalent. 

The formal Morita equivalence of C°^{M) and T°°{End{E)) follows from Theorem |4.4| by con- 
sidering the undeformed product for the trivial Poisson bracket. This was shown in |1^, Sect. 6] 
by a more direct argument. We also remark that formal Morita equivalence implies that the *- 
representation theories of the involved *-algebras on pre-Hilbert spaces over C[[A]] are the same, 
see g, Thm. 5.10]. 
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